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Module 5 Overview Document 
 

Table 1: Timeline of Tasks in the Module 

Timeline 
of tasks 
in the 
Module 
 

Day 0 5 min 5.1 Vending Machine Task (Revisiting the Concept 
of Function Version) 

Day 1 

30 min 5.1 Discussion 
45 min 5.2 Noticing Student Thinking: Machine G of the 

Vending Machine Task 
Homework 5.3 Noticing and Predicting: The Vending Machine 

Task* 

Day 2 

15 min 5.3 Discussion 
60 min 5.4 Selecting & Sequencing: Defining Function with 

the Vending Machine Task* 
Optional 
Homework 

5.5 Anticipating Student Thinking: Concept Images 
of Function and the Vending Machine Task  
OR  
5.6 Orchestrating Whole Class Discussions: Defining 
Function with the Vending Machine Task* 

* Indicates there are two versions of this task—one in which secondary school 
students are being introduced to the function concept for the first time and one in 
which secondary school students are revisiting the function concept. 

5.5 Facilitation Notes 
 
Teachers will need a copy of the task sheet. It is important that teachers have engaged 
with the Vending Machine Task themselves as learners and participated in a discussion 
toward refining their definition of function prior to doing this assignment. 
 
This task is listed as an optional homework assignment and is not explicitly connected 
to any of the other module assignments. 
 
Additional Task Commentary (pp. 2–3) and Sample Responses (pp. 4–8) are below. 
 
  

http://go.ncsu.edu/ptmt
http://go.ncsu.edu/ptmt
https://ptmt.s3.amazonaws.com/esp/afmodule5/materials/5.0 At a Glance.pdf
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5.5 Commentary 
Anticipating Student Thinking: Concept Images of Function and the 
Vending Machine Task 
 
This assignment can be completed outside of class, but afterwards we do suggest 
facilitating a short discussion about the importance of considering students’ concept 
images when anticipating student thinking on a task and eliciting student thinking during 
instruction—for the function concept and more broadly.  
 
The term concept image is defined for teachers within the task. An image of the 
definition and example provided is shown below.  
 
Context 

A class of high school students who have been working on the Vending Machine Task for revisiting 
the function concept. 

 
Though students might be familiar with a mathematical definition, they do not typically use just that 
definition to make sense of mathematical objects. Rather they draw upon images, phrases, and examples 
that they associate with the object. These are called concept images.  
 
For example, though students are introduced to the formal definition of a circle (i.e., the set of all points 
that are equidistant from a fixed point) when they encounter a mathematical problem that includes a 
circle, they likely think about more than just the definition. Given their past experiences with circles, they 
might think about a picture of a circle, a formula related to circles (e.g., area, circumference), or maybe 
the general form of the equation for a circle. They might also envision attributes related to circles like 
radius or diameter. Sometimes the images in their heads are misleading (e.g., an image of the unit circle 
might suggest to some students that all circles must be centered at the origin).  
 
It is important to be aware of possible images (not just “pictures” but anything that might come to mind) 
that students might be drawing upon when they are working with particular mathematical objects.  

 
 
If the term concept image is new to you, we provide a more detailed description from 
David Feikes, Keith Schwingendorf, and Jeff Gregg (2014) in the context of geometry 
from Children’s Mathematical Learning. It is summarized below.  
 

One way both children and adults make sense of shapes is that they form a 
concept image of a shape. A concept image of a shape is ones’ conglomeration 
of all mental pictures of the shape (Vinner & Hershkowitz, 1980). This collection 
of mental images does not take into consideration the definition of a particular 
shape, but rather is a generalized image. 

http://go.ncsu.edu/ptmt
http://go.ncsu.edu/ptmt
https://ggbm.at/J3mJaU6H
https://ggbm.at/J3mJaU6H
https://ggbm.at/J3mJaU6H
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Once children and adults develop concept images they can have difficulty 
changing them (Burger & Shaughnessy, 1986; Fuys, Geddes, & Tischler, 1988; 
Vinner & Hershkowitz,1980). In the formal world of geometry with definitions and 
properties, a child’s concept images may be in conflict with a formal approach to 
geometry. For example, if children experience rectangles as quadrilaterals with 4 
right angles of which two sides are always longer and two sides are shorter, they 
may have difficulty conceptualizing that a square is a rectangle. A square may 
not fit their concept image of a rectangle! With concept images, children may not 
be focused on the properties of the rectangle, but rather on their collection of 
mental images. However, concept images are powerful mental models that 
young children are encouraged to construct. Concept images allow children to 
differentiate between shapes such as a square and a triangle. Young children 
can make sense of new concepts by building on what they already understand. A 
concept image allows children, especially young children, to know what things 
are without knowing the definition or properties. The notion of concept image also 
illustrates that our formal community view of mathematics does not exactly fit 
how children (and many adults) make sense of the world. In other word, many do 
not consider formal definitions and proof when thinking about geometry. 
  
Children learn geometric concepts by looking at both examples and non-
examples. These non-examples are sometimes significant in helping children 
develop viable concept images of difficult concepts (Fuys & Liebov, 1993). On 
another note, some cultures have different spatial understandings. For example, 
some African and Polynesian cultures have a different understanding of 
rectangles than ours (Geddes & Fortunato, 1993). Spatial visualization skills are 
learned and dependent upon our experiences. 

  

http://go.ncsu.edu/ptmt
http://go.ncsu.edu/ptmt
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5.5 Sample Responses 
Anticipating Student Thinking: Concept Images of Function and the 
Vending Machine Task 
 
Below are sample responses that teachers might provide for the prompts in the Concept 
Images of Function Task.  
 
Q1. Reflect back on your own work with the Vending Machine Task. What images of 
function came to your mind as you worked through the task? 
 

● Throughout the applet I would imagine a graph with different outputs for different 
inputs. If one of the Machines had more than on output for an input I would try to 
picture that on a graph which is not possible. If all cans had the same output I 
pictured a function like y=x. 

● There were many times where I envisioned a standard line graph on the x and y 
plane. The various outputs made me think of something simple such as a dot 
plot, especially when cans would repeat outputs. Or even simply a flat straight 
line relative to the 'x' axis. 

● I envisioned asymptotes throughout the task because when a can did not show 
up it doesn't mean it was not a function, it could simply be an asymptote. 

● I drew upon my knowledge that when you put a number into a function, it's output 
is always consistent. The function might even give you an output of nothing, but 
as long as it's consistent, it's a function. 

● The first thing that comes to mind when we talk about a function is the activity: "In 
and Out machines" from elementary school. it is a chart of values and at the top 
is an operation or expression and after each value they give you place the 
number in the expression or operation and record the outcome value making a 
list of coordinate pairs. 

 

Q2. Look back at Machine F (Diet Blue → Silver; Silver Mist →	Silver). Consider 
students who are familiar with function and different function families (e.g., linear, 
quadratic) What images might students draw upon when trying to classify this machine 
as a function or not? Please explain. Reminder: "Images" refers to anything that might 
pop into your head based on past experiences. 
 

● Precalculus students might draw upon piecewise functions since two of the cans 
have the same output. 

● A student might think about functions that have domain restrictions so certain 
inputs will not produce an output. Like x=0 in 1/x. 

● I think of two separate circles that contain inputs and outputs and being able to 
map the inputs with the outputs. 

  

http://go.ncsu.edu/ptmt
http://go.ncsu.edu/ptmt
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Q3. Alex and Jamie are discussing their thoughts on Machine F after exploring the 
applet individually. What images of function are they drawing upon as they work to 
make sense of the machine? 
 
Jamie – Machine F 
Jamie presses tests each button at least twice using take can in between each. 
“Ok…two different colors make the same can. Ok. So maybe Machine F is possible… 
representing like an x squared function maybe?...and, the Diet Blue can could be like 
negative two and the Silver Mist could be positive two, but they both equal the same 
thing when they’re squared. So I think that Machine F is a function.” 
 
Alex – Machine F 
Alex tests each button in order using the take can button each time. “So this one is a 
function because even though Diet Blue gives you the silver and the Silver Mist also 
gives you the silver, that’s ok. That’s like on a graph if like x = 2 gave you 2 and x = -2 
gave you 2, that’s ok. That’s still going to pass the vertical line test. It’s ok for two x 
values to have the same y value, its just not ok for an x value to have two y values. So, 
Machine F is still a function….because each input still only gives one output.” 
 

● They are both imagining a quadratic function, thinking about two different x 
values having the same y value. So, if we have y = x2, then y is 4 for both x=2 
and x = -2. Cool that they are both thinking about the same function. 

 
 
Q4. Look back at Machine H (All → Green). Consider students who are familiar with 
function and different function families (e.g., linear, quadratic) What images might 
students draw upon when trying to classify this machine as a function or not? Please 
explain. Reminder: "Images" refers to anything that might pop into your head based on 
past experiences. 
 

● Precalculus students might picture a horizontal asymptote at a certain point since 
all of these cans have the same output. 

● They could possibly notice a vertical or horizontal line of some sort because it is 
the same value. 

● I would think of a function that just gives back a constant, such as y=2. 

  

http://go.ncsu.edu/ptmt
http://go.ncsu.edu/ptmt
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Q5. Reese, Logan, and Max are working independently. What images of function is 
each drawing upon as they work to make sense of the machine? 
 
Reese – Machine H 
Reese tries each button once pressing take can each time. “This is going to be a 
function because the outputs are consistent, meaning each time I click one of the cans 
its going to be the green can. Doesn’t matter if there is four of them that give me, or as 
many, as long as they give me the same output.  
 
Logan – Machine H 
Logan tests each button using take can each time. She goes through they cycle multiple 
times. “I think that this one is a function...maybe because, maybe its like a piecewise 
function? And different x’s give you the same y maybe? … yeah...or maybe its like a 
horizontal line, like, which is still a function. Cuz there are different x’s and the outputs 
are all the same. So its like, um, a horizontal line. Which is a function. So, yeah, I’m 
going to say function.”  
 
Max – Machine H 
Max tries each button more than once, pressing take can each time. “Everything just 
gives me a green can. That is basically just a horizontal line. No matter what x value 
you get you get the same y-value. So that is still a function.” 
 

● Logan and Max both state clearly that they are imagining a horizontal line. Reese 
doesn’t, but does say it is giving the same output each time which is what a 
horizontal line represents. 

 
 
Q6. Look back at Machine J (Silver Mist → Silver). Consider students who are familiar 
with function and different function families (e.g., linear, quadratic) What images might 
students draw upon when trying to classify this machine as a function or not? Please 
explain. Reminder: "Images" refers to anything that might pop into your head based on 
past experiences. 
 

● Precalculus students might imagine a piecewise function again but this time one 
of the parts has a value that does not exist. 

● Pre-calc students may recognize a hole in a graph since a can does not show. 
● Students again may think of a function that has a domain restriction so only 

certain inputs work. 
● I think students would picture this machine as a function that has a hole or is not 

defined over a region of the domain, since the Silver button gets no value. 

  

http://go.ncsu.edu/ptmt
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Q7. Val and Jaylen explored Machine J individually. What images of function is each 
drawing upon as they work to make sense of the machine? 
 

● Val seems to be thinking about what kind of function would have an undefined 
part, so like a rational function can’t have zero in the denominator. Jaylen is 
similar, but instead of thinking about the type of function where this might occur 
she is imagining the vertical asymptote that would result. 

● Jaylen is thinking about vertical asymptotes (where a function is undefined) and 
Val is thinking about what would make that asymptote appear. 

 
Val – Machine J 
Val presses red, blue, and then silver. When nothing appears to come out she presses 
silver many more times. “Ok, so you get the same thing out every time, but … “ She 
continues to test buttons, this time using take can in between each. When she gets to 
Silver Mist she presses it several times quickly. “Ok, um,... maybe this function is like, 
like in a fraction form and silver represents zero. And in the fraction X is on the bottom 
and zero can’t go on the bottom so its undefined. So maybe that’s what it's trying to 
say? Cuz I feel like that’s the kind of function it is.”  
 
Jaylen – Machine J 
Jaylen checks the first few buttons and says “that seems to be normal.”  When she gets 
to Silver Mist, she tries it three times and exclaims, “Ohh, there is none...Well, I guess 
judging by the way I’ve been defining function, I’ve said if an input has exactly one 
output, so if the input silver mist has no output than it definitely doesn’t have exactly 
one.  But I’m thinking about zeros of functions, not zeros, but asymptotes, 
hmmm…input/output…umm, so I guess for this one I’m not exactly sure what the exact 
definition of function is when it comes to this, although an asymptote is not a part of a 
function, it’s like a hole, would it be a function then?  The rest of it is a function without 
silver mist…hmm…is an asymptote part of a function? so like is a hole a part of a 
function? I guess really the question is if an asymptote or a hole exists, does that make 
the expression not a function? I think that’s the question that this is, does the existence 
of a hole make an expression not a function?” 
 

● Val seems to be thinking about what kind of function would have an undefined 
part, so like a rational function can’t have zero in the denominator. Jaylen is 
similar, but instead of thinking about the type of function where this might occur 
she is imagining the vertical asymptote that would result. 

● Jaylen is thinking about vertical asymptotes (where a function is undefined) and 
Val is thinking about what would make that asymptote appear. 
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Q8. Reflect on this task. In what ways were the students' images of function similar 
to/different from yours? How might anticipating students' images of function help you 
when teaching the function concept? 
 

● The students' thinking was fairly similar to my own. I could draw upon their 
images by using them to show the class whether or not they were valid images 
for each of these machines. 

● This activity showed me how seeing things visually can really boost student 
learning. Many students thought the same way I did in many aspects. We both 
saw holes or pictured different functions in our head. 

● Generally speaking, some of the concept images I drew upon were ones I have 
seen in my upper level math classes that resonated with me, which is different 
from what these students will have seen most likely. 

● Many of the students thought of many things that I thought defined a function, 
such as the vertical line test. I would draw upon the images of functions as inputs 
and outputs, and the fact that functions are always consistent. 

● I think a lot of the students were attempting to visualize the functions graphically 
and related certain machines to aspects of graphs. Which was something I was 
trying to draw from while working on this. 

 
 
Q9. More generally (beyond just the function concept), in what ways might anticipating 
possible concept images students' possess inform your practice? 
 

● Thinking about possible images students might see could help anticipate student 
thinking because I could put a note in to remind them why their image may be 
wrong, or I could not do anything and hope they draw upon certain images. 

● Thinking of common misconceptions or even traps we all can fall in when first 
glancing at a graph or visual aid, we are prone to assume or generalize at first 
take. It is worth it to stay and really decipher what is happening in front of you. 

● If you know what kind of images resonate with your students you can incorporate 
those image types into your teaching to help students make connections and 
learn certain material more efficiently. 

● I think that knowing a student’s concept image is important because if we know 
and understand what that student is thinking and how they picture it in their head 
we can relate a new concept to that image to help that student understand and 
grasp on quicker by relating this to their concept image. 

http://go.ncsu.edu/ptmt
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