
Module 2: Algebraic Equivalence 
INSTRUCTOR MATERIAL 

Preparing to Teach Mathematics with Technology: Examining Students' Practices in Algebra and Function (2022). 
2.5 Facilitation Notes. In Module 2: Algebraic Equivalence. Available at http://go.ncsu.edu/ptmt 

1 

Module 2 Overview Document 
 

Table 1: Timeline of Tasks in the Module 

Timeline 
of tasks in 
the 
Module 
 

Day 1 May Vary Optional Pre-Work with Algebra Tiles 
45 min 2.1 Completing the Square with Algebra Tiles 
20 min 2.2 Completing the Square with CAS  
10 min Compare and Contrast 2.1 and 2.2 
Homework 2.3 Noticing Student Thinking: Completing the 

Square with Virtual Algebra Tiles 
Day 2 15 min 2.3 Discussion 

20 min 2.4 Posing Purposeful Questions: Completing the 
Square with Virtual Algebra Tiles 

30 min 2.5 Noticing Student Thinking: Completing the 
Square with CAS 

10 min Revisit Compare and Contrast 2.1 and 2.2 
Homework Read the following two articles: 

Lischka, A. E., & Stephens, D. C. (2020). The area  
model: Building mathematical connections. 
Mathematics Teacher: Learning and 
Teaching PK-12, 113(3), 186-195. 

Zbiek & Heid (2009) Using Computer Algebra  
Systems to Develop Big Ideas 
in Mathematics. Mathematics Teacher, 
(102)7, 540-544.  

 
2.5 Facilitation Notes 
 
The task document (2.5 Noticing Student Thinking: Completing the Square with CAS) 
needs to be shared electronically with teachers as it contains hyperlinks to videos. This 
task provides teachers with the opportunity to focus on one pair of students as they 
complete the square for a series of expressions in the form 𝑥! + 𝑏𝑥 + _____ or             
𝑥! + _____ + 𝑐. 
 
Prior to teachers starting the task we recommend displaying the NITE framework (see 
Module 1) and reminding teachers that when attending and interpreting student thinking 
with technology they need to pay close attention to what they say, what they do with the 
tech (and see as a result of what they do), and what they record. It is important that they 
are coordinating all of that information when making their interpretations of student 
understanding as together that should inform their instructional decisions.  
 
If teachers are not familiar with anticipating student thinking we recommend reading 
Chapter 3: Anticipating Student Responses in Smith, Steele, & Sherin’s (2020) The 5 
practices in practice: Successfully orchestrating mathematics discussions in your 
classroom prior to completing this task. Even if they are familiar it is helpful to remind 
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them that anticipating with a focus on “getting inside the problem” for a technology-
enhanced math task means considering:  

• How do you solve the task? 
• How might students use the technology to approach the task? 
• What challenges might students face as they solve the task? (consider both the 

mathematics, the technology, and the two together) 
 
A whole class discussion is recommended to collect details of teachers' attend and 
interpret statements (Q2 and Q3), with a focus on coordinating the spoken and written 
aspects with the aspects related to the students’ technology engagement. Once those 
details have been collected and coordinated, open up the discussion to their responses 
to Q4. Invite them to add or refine their questions based on the discussion of Q2 and 
Q3.  
 
If teachers have also completed 2.3: 
Facilitate a discussion in which teachers compare and contrast 2.1 and 2.2, with a focus 
on student thinking. What might the benefits/drawbacks be to engaging students in both 
activities? 
 
2.5 Sample Responses 
Noticing Student Thinking: Completing the Square with CAS 
 
In this task you will examine students’ work on the Completing the Square with CAS 
task. Specifically on the bottom of the activity, shown below.  
 
The students have all had prior experience with finding products of linear factors using 
the distributive property and factoring quadratic expressions. The learning goal for the 
lesson in which this task was used was: Students will understand how to transform a 
quadratic expression in the form x2+bx into a perfect square (i.e., complete the square) 
and the performance goals include: 
 

• Students will be able to factor quadratic expressions that are perfect squares 
• Students will be able to explain how to factor quadratic expressions that are 

perfect squares 
• Students will be able to explain how the quadratic expression and factored form 

are equivalent expressions.  
 
Students will be able to generalize patterns they notice among perfect squares in their 
factored and expanded forms to explain how to transform a quadratic expression 𝑥! +
𝑏𝑥 + 𝑐 into a perfect square (i.e., how to complete the square). 
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Recall that the CAS activity asks students to: 
 
A quadratic expression whose linear factors are the same is called a perfect square. For example, 𝑥! +
2𝑥 + 1 is a perfect square because its factors are(𝑥 + 1)(𝑥 + 1) or (𝑥 + 1)! and, as is shown below 
(Figure 1), it actually forms a square (i.e., the length and width are the same)!  

 
Figure 1: Model of the Perfect Square (𝑥 + 1)! 

Using the patterns you noticed above, predict the missing terms for each equation below to make the two 
expressions equivalent by completing the square. Check each using your CAS. 
 

Table 2: Complete the table by predicting the missing terms 

 

𝑥! + 16𝑥 + _____ 
 

 
= (𝑥 + 8	)! 

 

𝑥! + _____ + 81 
 

 
= (𝑥 + 9)! 

 

𝑥! + 4𝑥 + _____ 
 

 
= (𝑥 + _____	)! 

 

𝑥! + _____ + 100 
 

 
= (𝑥 + _____	)! 

 

𝑥! + 22𝑥 + _____	 
 

 
= (𝑥 + _____	)! 

 
 
Q1. Anticipate at least two ways that you expect students will use CAS to support their 
thinking about how to complete the square for the expressions on page 1. 
 

• Students will use the CAS software to prove their thinking by using the calculator 
to “guess and check” until it gets the right factors for the standard form. Another 
way would be for students to use CAS by graphing the expression and finding 
the two roots and working backwards to find the perfect square factors. 

• Students might square the second term by itself without dividing by 2 to get the 
third one. Also, students could simply add the second term twice to get the third 
term, or they might divide by 2 before doing so. 

 
 
In this video clip you will see two students, Keileigh and Olive, working together on the 
section of the Completing the Square task shown on page 1. 

 
Keileigh and Olive 
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Q2. Attend to Keileigh and Olive’s thinking about completing the squares. Make sure 
that your detailed description (play by play) includes what they say, how they engage 
with the technology, and what they record in text. 

• First, they tried to find any two of the same number that would add together to 
get 50 for the expression 𝑥! + 50𝑥 + 100. They got 25 but one of the students 
mentioned that 25 times 25 would not be multiplied to get 100. So, when they put 
the expression in the CAS software to factor it did not work which confirmed their 
reasoning. They realize that since there is no two of the same number that can 
be factored out of the expression then the expression is not a perfect square. 
They then try the expression 𝑥! + 25𝑥 + 100 which did not work like the previous 
expression. Then they worked backwards to find which two of the same number 
would multiply to get 100 and they came up with 10, so they knew the second 
term for the expression would be 20𝑥. They used the CAS software to prove their 
reasoning. 

• The first two minutes of the video, the students are trying to figure out how to find 
the middle term of the perfect square 𝑥! + _____ + 100. They begin by trying to 
identify a pattern while relating it to the other exercises. They think this could be 
50 because 50 + 50 = 100, then because 25 + 25 = 50. They certainly are 
noticing a relationship here, just do not know what it is yet. At this point, the 
teacher intervened, explaining that 50 is not a solution because it is not 
factorable. Keileigh at time 2:32 said that she knew it is not factorable because 
“25 ∙ 25 is not 100”. At this point they understand that there must be some 
operation done on the 2nd term that will make it to 100. The next two minutes they 
have a mental “try and error” process to get to 100. They know that 50 is not 
going to work as the teacher pointed out, that also 25 ∙ 4 is not a solution since it 
must be “the same number” as they said. Finally, at the time 3:45, they say that 
10 could be a solution since 10 ∙ 10 = 100. They start to notice a relationship: the 
2nd term is adding the number by itself, while the 3rd one is multiplying it by itself, 
which helped them to arrive at the right answer. Finally, they could solve the last 
problem relatively easily since they already identified a pattern. 

 
 
Q3. Based on your attending to Keileigh and Olive’s thinking (Q2), what can you 
interpret about their understanding of completing the square? Provide evidence from the 
video to support your claims. 
 

• That the third term is the answer to two of the same number being multiplied 
together and the second term is the answer to two of the same number being 
added together. They provide evidence of their reasoning at the end of the video 
when they explain a perfect square is two of the same number that adds together 
for the second term and multiplies together for the third term.  

• At the beginning of the video, they had some idea of what the terms should be 
based on the other exercises. Gradually, they start to recognizing a pattern, 
realizing that, the middle term is addition of the 2nd term, by the 3rd is 
multiplication, attending to the expansion of the form (𝑥 + 𝑎)!. They understand 
that relationship and can apply it efficiently. 
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Q4. Imagine you just walked up to Keileigh and Olive and saw the representation below 
drawn on their paper, what question(s) would you ask them? Explain. 

 
 
Sample Assessing Questions: 

• Can you show me how your expression and what you have drawn in the box are 
related?  

• I see you decided to divide 𝑏 by 2, why is that important? How did your two 
different representations help you figure that out?    

Sample Advancing Questions: 
• How could you convince a classmate that the expression at the top and what you 

have in the box are equivalent?  
• How could you use what you’ve created here to complete the square for the 

expression 𝑥! + 5𝑥? 
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