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Module 2 Overview Document 
 

Table 1: Timeline of Tasks in the Module 

Timeline 
of tasks in 
the 
Module 
 

Day 1 May Vary Optional Pre-Work with Algebra Tiles 
45 min 2.1 Completing the Square with Algebra Tiles 
20 min 2.2 Completing the Square with CAS  
10 min Compare and Contrast 2.1 and 2.2 
Homework 2.3 Noticing Student Thinking: Completing the 

Square with Virtual Algebra Tiles 
Day 2 15 min 2.3 Discussion 

20 min 2.4 Posing Purposeful Questions: Completing the 
Square with Virtual Algebra Tiles 

30 min 2.5 Noticing Student Thinking: Completing the 
Square with CAS 

10 min Revisit Compare and Contrast 2.1 and 2.2 
Homework Read the following two articles: 

Lischka, A. E., & Stephens, D. C. (2020). The area  
model: Building mathematical connections. 
Mathematics Teacher: Learning and 
Teaching PK-12, 113(3), 186-195. 

Zbiek & Heid (2009) Using computer algebra  
systems to develop big ideas 
in mathematics. Mathematics Teacher, 
(102)7, 540-544.  

 
2.3 Facilitation Notes 
 
The task document (2.3 Noticing Student Thinking: Completing the Square with Virtual 
Algebra Tiles) should be shared electronically with teachers as it contains hyperlinks to 
videos. This task provides teachers with the opportunity to focus on one pair of 
students’ mathematical thinking as they are working on screen 10 of the activity (i.e., 
completing the square for the expression 𝑥! + 12𝑥 − 7) as if they are monitoring the 
students in the moment. 

Note: The students in the video clip have completed through the equivalent of Pre-
Calculus, but had not been introduced to completing the square prior to this 
experience. 
 
We recommend displaying the NITE framework (see Module 1) and reminding teachers 
that when attending and interpreting student thinking with technology they need to pay 
close attention to what they say, what they do with the tech (and see as a result of what 
they do), and what they record. It is important that they are coordinating all of that 
information when making their interpretations of student understanding as together that 
should inform their instructional decisions.  
 

http://go.ncsu.edu/ptmt
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If teachers are not familiar with anticipating student thinking we recommend reading 
Chapter 3: Anticipating Student Responses in Smith, Steele, & Sherin’s (2020) The 5 
practices in practice: Successfully orchestrating mathematics discussions in your 
classroom prior to completing this task. Even if they are familiar it is helpful to remind 
them that anticipating with a focus on “getting inside the problem” for a technology-
enhanced math task means considering:  

• How do you solve the task? 
• How might students use the technology to approach the task? 
• What challenges might students face as they solve the task? (consider both the 

mathematics, the technology, and the two together) 
 
When teachers return the following day, provide them time to briefly discuss their 
responses. We recommend putting teachers into small groups and have them share 
their different attend responses (Q2, Q4, and Q8) with a focus on ensuring they 
coordinated the spoken and written aspects of the students’ work with the ways the 
students engaged with the technology. Invite teachers to revise their responses after 
their discussions. 
 
Next, facilitate a whole class discussion on Q9 and Q10. Record their responses. 

If teachers will also complete 2.2: 
Compare and contrast the 2.1 and 2.2 approaches to sense making about completing 
the square. This should include:  

• Completing the square given just x2+bx (2.2) and completing the square given 
x2+bx+c (2.1) 

• How each task is connected to the area model (and to what extent it is 
emphasized) 

 
 
2.3 Sample Responses 
Noticing Student Thinking: Completing the Square with Virtual 
Algebra Tiles 
 
In this task you will examine students’ work on the Completing the Square with Virtual 
Algebra Tiles task. First you will examine a brief video clip of two students working 
together on the task, then you will compare their models with those of two other pairs of 
students. 
 
The students have all had prior experience modeling expressions using algebra tiles. 
This includes using algebra tiles to model factoring quadratic expressions. The learning 
goal for the lesson that includes this task is that students will understand what it means 
to complete the square for a quadratic expression and the performance goals include: 
 

• The students will be able to build area models of quadratic expressions using 
algebra tiles to complete the square. 

http://go.ncsu.edu/ptmt
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• Students will be able to write an equivalent expression with a perfect square (i.e., 
complete the square) when given a quadratic expression. 

• Students will be able to explain why the area models of the original quadratic 
expression and the completed square expression are equivalent. 

 
The Introduction to Completing the Square with Algebra Tiles Activity 
 

Q1. Anticipate how you expect students to model completing the square for the 
expression 𝑥! + 12𝑥 − 7 (Page 10 in the activity). Include screenshots of at least 2 
different ways you anticipate students will model the expression. 
 
Sample Written Responses 

• I feel like the students will be able to understand completing the square more 
than they originally thought. I also think that for 𝑥! + 12𝑥 − 7 they will put all 
negative 1’s instead of all positive 1’s and then they will not have the correct 
answer, but I anticipate they will look at it and realize what they had done wrong 
and fix it to have all positive numbers and then subtract 43 tiles. 
 

 
 

• The students will probably use positive ones to compensate the 1s that are 
needed to complete the square, when is negative. Students don’t know that 
the coefficient of 𝑥 is the double of the square root of the unit part, so they will not 
use it as a strategy to identify how many ones are needed. 
 

 

http://go.ncsu.edu/ptmt
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• Students will read the instructions and begin looking at how the algebra tiles work 

for completing the square. Students will begin finding the product by matching 
the example given above. When trying to find which forms are a perfect square, I 
anticipate that some students may go to the side and build a space like they did 
in the previous question to solve the problem. When arranging the tiles into a 
square, I anticipate that some students will make a box with the tiles instead of in 
the format that is given to them beforehand. In the last few problems I think that 
some students may have trouble figuring out how to find an equivalent 
expression by adding extra tiles to the side. 
 

 
 

• I think students will have a good understanding of using x squared and the 𝑥 tiles 
to form the first part of the expression. The most challenging part will be trying to 
make zero pairs that produce a −7. 
 

 
 
 
 

http://go.ncsu.edu/ptmt
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In the sequence of video clips you will see two students, Emilee and Katelyn, working 
together on the Completing the Square task. There was a whole class discussion about 
what it means to complete the square using the model below (Figure 1) prior to the 
class exploring the “Try these!” section. 
 

 
Figure 1: Model from Whole Class Discussion 

 
Watch as Emilee and Katelyn begin to work to complete the square for 𝑥! + 12𝑥 − 7. 

 
Video 1: Emilee and Katelyn Completing the Square with Algebra Tiles 
 

Q2. Attend to Emilee and Katelyn’s thinking as they begin to complete the square for 
𝑥! + 12𝑥 − 7. Make sure that your detailed description (play by play) includes what they 
say, how they engage with the technology, and what they record in text. 
 

• When the students first start engaging with the technology they drag an 𝑥-
squared piece and begin dragging positive x pieces so there are 6 beside the 𝑥-
squared going across and 6 below the 𝑥-squared piece going down. Before they 
start moving the 𝑥 pieces, Katelyn asks: “12𝑥 would be 6 on each side, right?” 
and Emilee responds “yeah”. While Katelyn is adjusting the 𝑥 pieces into place 
Emilee is talking and she says “36 minus 7 is going to be 29”. Emilee also 
double-checks her subtraction by first subtracting 6 then subtracting one more. 
After Katelyn finishes putting the 𝑥 pieces in place, she begins placing positive 
unit pieces in the remaining part of the table. Shortly after a teacher comes by 
and asks them to look back over the expression and they realize the last term is 
negative or has a minus sign. Then Katelyn deletes the positive unit pieces they 
have put into the table and begins putting negative pieces where she had 
previously had positive ones. Emilee asks for Katelyn to wait and says that they 
will be negative 𝑥’s and explains that the perfect square for this would be 𝑥 − 6.  

• In the first 30 seconds of the video, we can see that the students have a clear 
idea of how to work with algebra tiles. Between 30-45 seconds, they were 
reasoning through the problem in question, with the reasoning: “if the constant 
term of the square is 36, then the missing part is 29 because 36 − 7 = 29”. The 

http://go.ncsu.edu/ptmt
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idea seems reasonable. However, they are missing the role of zeroes here, were 
the −7 is actually the net remainder. While completing the square with algebra 
tiles, after 1:10 in the video, they noticed that, something got to be negative in 
order to make that square. They conjecture it has to be one of the 𝑥’s. 

• Students began using the algebra tiles and creating the square where they used 
six 𝑥 tiles on both sides to represent the 12𝑥 in the expression. Students began 
to think about what would create a −7	when they state, “so that means that 36 −
6 is 30, minus 1 more  is going to be 29.” Students then began to complete the 
square when they noticed that they are trying to create a −7. 

 
 
Q3. We see Emilee and Katelyn experience some confusion at the end of the clip. Why 
did that occur? 
 

• The students experienced some confusion trying to create the −7. Emilee 
thought that there would be negative −7’s which would lead to the perfect square 
being (𝑥 − 6)!. 

• I think that the last term being negative tripped them up a bit because it is 
different than some of the other examples. This is the first one where the 
constant term is negative but the coefficient on the 𝑥 term is positive. I think the 
negative sign on the constant term confused them into thinking the 𝑥 terms 
needed to be negative when they do not because the expression has positive 
𝑥’s. They also weren’t sure how to model this expression because I think once 
they got to the units being negative it was more confusing to place the negative 
unit pieces and figure out how to complete the square. 

• They experienced some confusion on how to make that figure look like a perfect 
square, so they thought the problem was in the sign of one of the 𝑥’s, which was 
not the case. At this point, they are testing their conjecture. 

 
 
Let’s see what Emilee and Katelyn do next. 

 
Video 2: Emilee and Katelyn Completing the Square with Algebra Tiles 
 

Q4. Attend to Emilee and Katelyn’s thinking as they continue to complete the square 
for 𝑥! + 12𝑥 − 7. Make sure that your detailed description (play by play) includes what 
they say, how they engage with the technology, and what they record in text. 
 

• In the first 55 seconds of the video they are reasoning through their conjecture 
about the need of turning the x’s negative. In the time frame 55-1:30, they 
compared the current problem to previous examples, and noticed that the sign of 
the 𝑥’s is determined by the “𝑏” value of the quadratic expression. At this point is 
when they realized that, the “−7” is the result of subtracting a “bigger number” to 
36, which made them realize this has to be −43 (1:30-1:55). For the rest of the 
video, both students agreed that the solution must be −43, −36 inside the square 

http://go.ncsu.edu/ptmt
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and −7 leftover. They were not sure how to represent this. Katelyn at the end 
concludes that the 36 inside the square must be zeroes resulting from pairing 1 
and −1, having −7 leftover. 

• Students continue to decipher between if the 𝑥 bars are positive and negative 
which causes the two to look back at prior examples. Students realize that if the 
perfect square has a negative b value then the 𝑥 bars would be negative. Emilee 
then states “this is a perfect square of 6” to affirm that the 𝑥 bars are positive. 
Now the students start reasoning how to get to a negative 7 for the 𝑐 value. The 
students continued to try and reason about how to make the −7 and came to the 
conclusion that they need 36 positive 1s and 43 negative 1s. 

• The video starts off recapping what Emilee said about there being negative 𝑥’s 
and continues more with Katelyn’s response. Katelyn at first seems to agree with 
Emilee but then she points out how in the expression the 12𝑥’s are positive, so 
she asks would there be zero pairs with the negative xs because they would both 
have to be there. Emilee disagrees but then asks to go back up and look through 
their previous work. They look at previous example 6 (𝑥! − 6𝑥 + 9) and Emilee 
starts to express some ideas about perfect squares with a minus sign, before she 
asks to go back down to the current example. When we get back to the example, 
she describes that “this is a perfect square of 6 but we have an extra amount of 
negatives.”. She begins adding negative ones to the side of the table but very 
close to the other blocks. She goes onto say how the number of ones blocks 
needed would be 36 positive ones inside the table and then subtracting a greater 
number than 36 so that there are 7 negatives left over. Katelyn figures out that 
there are 43 more negatives needed. Emilee then compares back to what she 
was thinking of if it was (𝑥 − 6)! then the xs would be negative. Katelyn begins 
using the blocks and says that she had previously wanted to have 7 negatives 
ones outside the table and she starts moving those pieces in the same way she 
describes it. She also adds an 8th negative piece and then creates a zero pair by 
dragging a positive on top of it. Emilee describes how instead they need a 36 and 
Katelyn says yeah the 36 will go here and by here she means the remaining 
space for blocks in the table. Emilee then describes how they will have those 36 
positives but then they will need 43 total negatives so that there are 36 0-pairs 
and 7 negatives left over. Katelyn asks for Emilee to show how to do that. 

 
 
Q5. Interpret Emilee and Katelyn’s current understanding of the “−7” in relation to their 
efforts to complete the square. Use evidence from the video to support your claims. 

• After 1:30 in the video, they begin to understand that the “−7” is the reminder of 
subtracting −43 to 36, which is evident all the way to the end as they try to figure 
out how to properly represent it with algebra tiles. 

• They are starting to understand the reasoning behind the -−7 but are struggling 
to represent it using algebra tiles. They state “so 36, it would be 43” which means 
that there will be 36 zero pairs with 7 negative 1s left over. Emilee said “if it was a 
𝑥 minus 6 squared then the 𝑥’s would be negative.” 

http://go.ncsu.edu/ptmt
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• Throughout the clip I think Emilee comes up with some good explanations to 
show her understanding of the −7 in relation to completing the square. When she 
says it is like a perfect square of 6 but we have an extra amount of negatives. At 
first this isn’t clear if she realizes that she needs 36 negatives and 7 more to 
have the −7 needed but eventually both Emilee and Katelyn figure out they need 
43 negatives. I really liked how Emilee was later able to describe what was 
happening with the 43 negatives in terms of having 36 zero pairs and having 7 
negatives left over. Katelyn did not seem to understand how to model what 
Emilee was saying which makes me think she has a different or less 
understanding than Emilee did. In terms of their modeling, it seems like they both 
have similar understanding of how to move the pieces but Katelyn doesn’t seem 
as confident in how to use them, she often asks for feedback from Emilee like 
“should I do this?”. I also think that after Emilee explains why there are 43 
negatives and Katelyn asks her to show how to do that, it shows Katelyn may not 
completely understand or be thinking about using the algebra tiles. Emilee has 
provided descriptions that use the idea of zero pairs that are able to be visible by 
using the algebra tiles. 

 
 
Q6. What do you anticipate Emilee and Katelyn will do next? Explain. 

• The last seconds of the video gives you a glimpse of their thinking: they will make 
zeroes inside the square and will have 7 negative ones outside it. 

• I think that Emilee will try to add 36 positive 1s and 43 negative 1s to the model. 
At the end of the video, the students seemed to want to find an easier way but 
they couldn’t find another way to do it. 

• I think Emilee will keep the −7 as a group slightly separated from the table but in 
the same area. I think it will be similar to what she and Katelyn had at the end of 
the last video. I think she will fill in the table to include 36 positives and complete 
the square and then she will have 36 negatives either outside of the grid or she 
could possibly put them on top of the positive 36 ones to create 36 zero pairs. I 
think her model will highlight the descriptions she has been giving because that is 
how she is thinking about the She could also group all of the negatives together 
in one large rectangle or an almost rectangle arrangement.  

 
 
In the next video clip we see Emilee carry out the strategy that Katelyn just told her “you 
do it”. 

 
Video 3: Emilee and Katelyn Completing the Square with Algebra Tiles 
 

Note: There is no sound in this video. 
 
Q7. Did Emilee model the expression like you anticipated she would (Q7)? Explain. 

• Yes, she did. The first few minutes of the video showed how they were gradually 
building conceptual understanding through inductive reasoning. 

http://go.ncsu.edu/ptmt
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• She started off modeling the expression like I thought she would but then she 
started making the zero pairs inside the square. She highlighted all the positive 
1s and made them all zero pairs. 

• I did anticipate a couple of different ways for Emilee to model the expression. 
She did end up creating 36 positive ones and putting negatives on top to create 
zero pairs which was one of the strategies I had said. I think this makes sense 
because it matches the descriptions and explanations she had been giving to 
Katelyn or just in the video in general. 

 
 
In this final video clip, you will see Emilee and Katelyn work to make sense of the 
connection between their area model and the expression 𝑥! + 12𝑥 − 7. 

 
Video 4: Emilee and Katelyn Completing the Square with Algebra Tiles 
 

Q8. Attend to Emilee and Katelyn’s thinking as they continue to complete the square 
for 𝑥! + 12𝑥 − 7. Make sure that your detailed description (play by play) includes what 
they say, how they engage with the technology, and what they record in text. 
 

• In the first 55 seconds, Katelyn spent the time making zeroes inside the square 
and having 7 negative ones outside of it. Then she asked “How do we represent 
these negatives in the expression?” to which Emilee replied: “I didn’t think about 
that”. A few seconds later she goes: “wow, wow, wow”, showing a sign that she 
figured out the answer to Katelyn’s question. Finally, she writes the expression: 
(𝑥 + 6)! − 43, to which Katelyn says “it makes sense”. 

• Students start out with 36 positive 1s and then copy 6 negative 1s to replace the 
positive ones. The steps are continued until all the positive numbers have zero 
pairs. The students then reason about how they would represent the negative 7 
and where the negative 7 would need to go with the tiles. The students came to 
the conclusion that the expression would be (𝑥 + 6)! − 43 

• The video starts with Katelyn asking how many negatives they need since they 
had just added the 36 positives. They both respond that they need 43 negatives 
and they contemplate how to model that. So Katelyn takes the group of 6 
negatives (part of the 7 that they initially used to model −7) that they have to the 
side and brings them on top of 6 positives inside the table. This creates 6 zero 
pairs. She also copies this group of 6 and then pastes them to create zero pairs 
for the remaining 36 ones pieces in the table. She asks about whether she 
should just paste another group outside the table and add one more negative 
and when Emilee says yeah, Katelyn pastes an extra group of 6 outside the table 
and drags a 36 from nearby to create −7. Then Katelyn brings up the question of 
how they write this as an expression using the perfect square. Emilee thinks 
about it for a moment and then types the expression 𝑥 + 62 − 43. In their written 
work they multiply out (𝑥 + 6)! and subtract 43 to be sure that it is an equivalent 
expression to the one they started with and it is. 
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Q9. Based on your attending to Emilee and Katelyn’s thinking across all four video 
clips, what can you interpret about their understanding of completing the square? 
Provide evidence from the videos to support your claims. 

• They have a pretty strong foundation of completing the square with both algebra 
tiles and algebraically, understanding how the constant term relates to the 
square. This level of understanding was gradually built up, starting with some 
basic ideas about how to make a square with algebra tiles, then conjecturing that 
something must be negative. At this point the compared their reasoning to 
previous examples, on which they got to the realization that, the −7 is a 
remainder of the operation,		36 − 𝑥 = −7, for which they needed to figure out that 
“larger number” as Emilee in order to make sense, which was −43. The final step 
was how to represent this reasoning with algebra tiles, which they did, 
consequently understanding the concept of zero in the expression. Finally, they 
wrote (𝑥 + 6)! − 43	as the final answer, not only being correct, but also showing 
how they started with something concrete and finalized with an abstract 
understanding. 

• They can use prior knowledge to complete parts of the expression using algebra 
tiles (𝑥! and the 𝑥 tiles) and struggle with the concepts of zero pairs when 
creating negative numbers for the c value. The struggle was from the 1st and 2nd 
videos where they correctly placed the 𝑥! and 𝑥 tiles but then struggled on how 
to complete the square from there. 

• I think that Emilee and Katelyn are looking at the problem and are starting to be 
able to see how 𝑏 in 𝑏𝑥 and the c are connected within the perfect square itself. I 
think they are tentative about their knowledge on the problem with the negative 
constant term as the knowledge they had going into the problem (with examples 
of positives) is different from the technique they had to use. I would make sure to 
ask questions before leading them off the subject. 

 
 
Q10. Based on your interpretation of Emilee and Katelyn’s thinking related to 
completing the square, and the examples you know they have completed so far, what 
quadratic expression would you have them model for next to advance their thinking? 
Explain. 

• I would include a leading coefficient different than 1, and some negative 
coefficients in the “middle term”. The reason behind it is to force them to think 
differently in another perspective and scenario, which will force further 
exploration. 

• I would have them model another quadratic expression that has a negative 𝑏 
value and a negative 𝑐 value (𝑎𝑥! + 𝑏𝑥 + 𝑐). The problem I would give them 
would be 𝑥! − 4𝑥 − 10. This would help advance their thinking with zero pairs 
using the 𝑥 values and the negative 1s. 

• I would give them the quadratic expression 𝑥! − 6𝑥 + 15 because I want them to 
try using negative 𝑥’s and positive 1 tile. Especially since when they did the 
example in the video, they were thinking about using negative 𝑥 tiles. 
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