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Module 2 Overview Document 
 

Table 1: Timeline of Tasks in the Module 

Timeline 
of tasks in 
the 
Module 
 

Day 1 May Vary Optional Pre-Work with Algebra Tiles 
45 min 2.1 Completing the Square with Algebra Tiles 
20 min 2.2 Completing the Square with CAS  
10 min Compare and Contrast 2.1 and 2.2 
Homework 2.3 Noticing Student Thinking: Completing the 

Square with Virtual Algebra Tiles 
Day 2 15 min 2.3 Discussion 

20 min 2.4 Posing Purposeful Questions: Completing the 
Square with Virtual Algebra Tiles 

30 min 2.5 Noticing Student Thinking: Completing the 
Square with CAS 

10 min Revisit Compare and Contrast 2.1 and 2.2 
Homework Read the following two articles: 

Lischka, A. E., & Stephens, D. C. (2020). The area 
model: Building mathematical connections. 
Mathematics Teacher: Learning and 
Teaching PK-12, 113(3), 186–195. 

Zbiek, R. M., & Heid, M. K. (2009). Using computer 
algebra systems to develop big ideas 
in mathematics. Mathematics Teacher, 
(102)7, 540–544.  

 
2.2 Facilitation Notes 
 
This task uses GeoGebra CAS tools.  

 
GeoGebra Computer Algebra System (CAS) 
 

Before launching the task, have teachers try the examples at the top of the page to 
make sure they understand how to use the factor and expand tools. Importantly, they 
must have parentheses around the entire expression they want to factor or expand. For 
example, 𝑒𝑥𝑝𝑎𝑛𝑑(𝑥 + 1)! does not have the expression we want to expand in 
parentheses, so it will not be fully expanded. It must be entered as	𝑒𝑥𝑝𝑎𝑛𝑑((𝑥 + 1)!). It 
might be helpful for teachers to just play a bit, try a few before starting the actual task. 
 
When launching the task, explain that we are going to use the CAS tool to look for 
patterns in quadratic expressions in factored and expanded form (standard form). Draw 
teachers’ attention to the table on page 1. Note the column headings so teachers know 
what is to go in each column, and that the left and right columns should be equivalent.  

Note: They are free to work with or without the CAS tools. 
  

http://go.ncsu.edu/ptmt
http://go.ncsu.edu/ptmt
https://ptmt.s3.amazonaws.com/esp/afmodule2/materials/2.0_At_a_Glance.pdf
https://www.geogebra.org/m/t8x8yj3s
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2.2 Commentary 
 
We recommend pausing the group after the first section to share what they notice and 
wonder about the relationship between the expressions in the left and right columns. 
Capture their ideas on the board. Then display the area model of a perfect square and 
discuss (without giving anything away) how their ideas connect to the model.  
 
After the teachers complete the task, facilitate a whole class discussion around the 
generalizations they record for how to complete the square for the expression 𝑥! + 𝑏𝑥 +
_____. Ask how they used the CAS tools as they completed the fill in the blank section. If 
there are multiple generalizations (rules) record them and then discuss the connections 
among them (and the square model). If they have not used the CAS tools to check their 
generalization, prompt them to do so: 𝑓𝑎𝑐𝑡𝑜𝑟(𝑥! + 𝑏𝑥 + (𝑏/2)!) or 𝑒𝑥𝑝𝑎𝑛𝑑((𝑥 + 𝑏/2)!). 
 
If teachers have also completed 2.1: 
Compare and contrast the 2.1 and 2.2 approaches to sense making about completing 
the square. This should include:  

● Completing the square given just 𝑥! + 𝑏𝑥 (2.2) and completing the square given 
𝑥! + 𝑏𝑥 + 𝑐 (2.1) 

● How each task is connected to the area model (and to what extent it is 
emphasized) 

 
 
2.2 Sample Responses 
Completing the Square with CAS 

Investigating Equivalent Expressions 
 
In this investigation you are going to use a Computer 
Algebra System (CAS) tool. CAS tools can do 
symbolic manipulations. The two commands you will 
use today are “factor” and “expand”. 

 
GeoGebra Computer Algebra System (CAS) 
 

For example, typing 𝑓𝑎𝑐𝑡𝑜𝑟(𝑥^2 − 4) into a CAS tool will result in (𝑥 − 2)(𝑥 + 2). 
Similarly, entering 𝑒𝑥𝑝𝑎𝑛𝑑8(𝑥 + 2)^3: will result in 𝑥" + 6𝑥! + 12𝑥 + 8. Importantly, you 
must put the entire expression you would like expanded or factored in parentheses. 
 
Before moving on – try it! 
 
 
 

http://go.ncsu.edu/ptmt
http://go.ncsu.edu/ptmt
https://www.geogebra.org/m/t8x8yj3s
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Q1. Complete the table below by determining the missing equivalent expanded or 
factored form of each expression. You may use the CAS tool if you’d like. 
 
Table 1: Complete the table with missing equivalent expressions 

Factored Form Expanded Form 
 

(𝑥 + 1)(𝑥 + 1)	
 

 
𝑥! + 2𝑥 + 1	

 
(𝑥 + 2)(𝑥 + 2)	

 

 
𝑥! + 4𝑥 + 4	

 
(𝑥 + 3)(𝑥 + 3)	

 

 
𝑥! + 6𝑥 + 9	

 
(𝑥 + 3)!	

 

 
𝑥! + 6𝑥 + 9	

 
 

(𝑥 + 6)!	
 

 
𝑥! + 12𝑥 + 36	

 
 

(𝑥 + 7)!	
 

 
𝑥! + 14𝑥 + 49	

 
 

(𝑥 + 12)!	
 

 
𝑥! + 24𝑥 + 144	

 
 
Q2. Look at your completed table. What do you notice? What do you wonder? Please 
write down at least 3 things that you notice.  
 

Sample Response 1:  
● The last number in the expanded form is always evenly rooted (i.e., is a 

perfect square) 
● The number (i.e., constant) in the factored form is multiplied by itself to get 

to the last number in the expanded form. 
● The number in the factored form is doubled to get the middle number in 

the expanded form. 
● I wonder if the number in the factored form always double to make the 

middle number in the expanded form. 
 

Sample Response 2:  
The factors are the same. The linear coefficient is twice the constant part 
of the factors and the square root of the constant part in the expanded 
form is the constant part of the factors. I wonder if there was a way to 
show the students that these are reversals of the same thing. 

http://go.ncsu.edu/ptmt
http://go.ncsu.edu/ptmt
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Sample Response 3:  
● The number being added in the factored form is half of the middle term in 

the expanded form. 
● The number being added in the factored form when multiplied gets the 

third term in expanded form 
● The factors are the same making them perfect squares. 
● I wonder if this works with non-perfect squares. 

 
 
A quadratic expression whose linear factors are the same is called a perfect square. For 
example, 𝑥! + 2𝑥 + 1 is a perfect square because its factors are(𝑥 + 1)(𝑥 + 1) or 
(𝑥 + 1)!, and as is shown below (Figure 2), it actually forms a square (i.e., the length 
and width are the same)!  
 

 
Figure 2: Model of the Perfect Square (𝑥 + 1)! 

Q3. Using the patterns you noticed above, predict the missing terms for each equation 
below to make the two expressions equivalent by completing the square. Check each 
using your CAS.  
 
Table 2: Complete the table by predicting the missing terms 

 

𝑥! + 16𝑥 + 64	
 

 

= (𝑥 + 8	)!	
 

𝑥! + 18 + 81	
 

 

= (𝑥 + 9)!	
 

𝑥! + 4𝑥 + 4	
 

 

= (𝑥 + 2	)!	
 

𝑥! + 20 + 100	
 

 

= (𝑥 + 10	)!	
 

𝑥! + 22𝑥 + 121		
 

 

= (𝑥 + 11	)!	

 

http://go.ncsu.edu/ptmt
http://go.ncsu.edu/ptmt
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Q4. Explain to a friend how to complete the square for the expression 𝑥! + 𝑏𝑥 + _____. 
Make sure you explain both how to complete the square and how to determine the 
equivalent squared expression. 

Sample Response 1:  
When completing the square 

• The factored and expanded forms are equivalent 
• The third term in the expanded form is half of 𝑏 (the coefficient of 

the linear term in the expanded form) square 
• The factored form is A𝑥 + #

!
B
!
 

• Using the box method above, we can work both ways to see a 
perfect square and see which factors will come out of the 
expression 

Sample Response 2:  
In order to complete the square, it is useful to keep on mind the following: 

• The factored and expanded forms are equivalent. That is 
A𝑥 + #

!
B
!
= 𝑥! + 𝑏𝑥 + 𝐶 

• The 𝐶 is the square root of 𝑏, or 𝑏! is 𝐶. 
For example: if you have (𝑥 + 9)!, the equivalent expanded form is 
𝑥! + 9(2)𝑥 + (9)! = 𝑥! + 18𝑥 + 81 

In other words: we complete the square by taking half the coefficient of our 
𝑥 term, squaring it, and adding it to both sides of the equation 

 
Sample Response 3:  

You can complete the square for the expression of 𝑥! + 𝑏𝑥 + ____ by using 
the box method. First you take the 𝑏 term and divide it in half. Then you 
can put the parts into the box where you have the bottom corner missing. 
Last is to complete the box by multiplying the numbers together. Because 
it is a perfect square, the bottom right term will always be what #

!
 is 

squared.  
 
 

  

http://go.ncsu.edu/ptmt
http://go.ncsu.edu/ptmt
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Challenge!	☺ 
 
What if the expression you are trying to complete the square for is in the form 𝑥! − 𝑏𝑥? 
 
Use the CAS tool to explore with some examples and then based on your observations 
explain to a friend how to complete the square and how to determine the equivalent 
squared expression. 
 

Sample Response 1: 
When given the expression above since there is no coefficient for 𝑥! the 
only thing you could do is factor out an 𝑥 for both terms and that would be 
how you complete the square. This is only true if there is no constant at 
the end of your expression.  

 
Sample Response 2: 

Going by the previous explanation, if we have 𝒙𝟐 − 𝒃𝒙, there is enough 
information to figure out the missing part, that is C. One way to do it is to 
turn it into the factored form first and then figure out C in the equivalent 
expanded form. So, A𝑥 − #

!
B
!
= 𝑥! − 𝑏𝑥 + A#

!
B
!
, where #

!
= 𝐶. 

 
Another way to do it is directly from the form 𝒙𝟐 − 𝒃𝒙, since 𝑪 = A𝒃

𝟐
B
𝟐
 

 
Sample Response 3: 

You use the same method as if the equation was 𝒙𝟐 + 𝒃𝒙 + ____. When 
using the box method you would put in the 𝑥!, and − #

!
𝑥 in each of the 

boxes leaving the bottom right box open. From there you can find the 
factored expression of A𝑥 − #

!
B A𝑥 − #

!
B. Therefore the bottom right box can 

then be solved as #
!
 squared as two negatives multiplied makes a positive. 

http://go.ncsu.edu/ptmt
http://go.ncsu.edu/ptmt



